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E Q U A T  ION 
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Methods for the numerical solution of the boundary-value problem are 
comidered. One method is related to the method of successive approx- 
imations and the other employs the collocation method [1]. A relation- 
ship between the latter method and the Ritz and Galerkin methods [2] 
is shown. An application of the collocation method to the nonstation- 
ary problem is given. The approximate solution is represented in ana- 
lytic form. A way of finding the absolute error of the approximate 
solution is given. 

1. S o m e  i n e q u a l i t i e s  r e l a t e d  to  t h e  s o l u t i o n  of  t h e  

b o u n d a r y - v a l u e  p r o b l e m .  W e  c o n s i d e r  t h e  n o n l i n e a r  

p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  in  d i m e n s i o n l e s s  f o r m  

Ou O~u 02~ 
O--i = ~ -b ~ - -  F (u, z,  y). (1.1) 

T h e  s o l u t i o n  i s  s o u g h t  in  t h e  s i m p l y  c o n n e c t e d  r e -  
g i o n  D w i t h  t h e  b o u n d a r y  r w i t h  t h e  g i v e n  i n i t i a l  and  
b o u n d a r y  c o n d i t i o n s  

u l r = 0  , u lt=o = q~ (x, y), (z, y) ~ D. (1.2) 

T h e  n o n l i n e a r  c o n t i n u o u s  f u n c t i o n  F ( u , x ,  y) i s  a s -  
s u m e d  t o  b e  i n c r e a s i n g  in  u w h e n  x a n d  y a r e  f i x e d .  

It c h a r a c t e r i z e s  t h e  h e a t  l o s s e s  d u e  to  h e a t  t r a n s f e r  

to  t h e  a m b i e n t  m e d i u m .  

F i r s t ,  l e t  u s  c o n s i d e r  t h e  s t a t i o n a r y  p r o b l e m  

A u =  F ( u ,  x, g), (x, y ) ~ D ,  u l r  = 0  (1.3) 

a n d  n o t e  c e r t a i n  i n e q u a l i t i e s .  F r o m  p h y s i c a l  c o n -  
s i d e r a t i o n s ,  t h e  e x i s t e n c e  a n d  u n i q u e n e s s  o f  t h e  s o l u -  

t i o n  o f  b - o u n d a r y - v a l u e  p r o b l e m  (1.3) a r e  o b v i o u s .  

L e m m a  1. K F ( 0 , x , y )  <-0 w h e n  ( x , y )  6 D, t h e n  

u ( x , y )  e 0 w h e n  ( x , y ) E  D.  
Proof. Conversely, let  the inequality 

u (x, y) < O, (x, y) ~ D * ;  

and (~, y) = 0, (x, y) ~ r*  (1.4) 

be satisfied in some region D*(D* c I)) with the boundary F*. 
From Green's theorem 

!IE o 

We find at v =- u 

f l  c . . . .  + (g ad.) j = 0 .  (1.6) 
D* 

In view of the assumption that 

Y u' (u, x, y) ~j O, (x, y) E D (1.7) 

we have the inequality 

f f u F ( u ,  x, y) d x d y ~ O .  (1.8) 
D* 

This contradicts (1.6), since u ~ 0 in D*, and, therefore, 

! (grad u) 2 dx dy ~ O. (1.9) 

The 1emma is proved. Its physical meaning is obvious. If heat 
influx occurs when u = 0, then in D the temperature u is normegative 
for the stationary solution. 

Note 1. We can prove the following: if F(0,x,y) < 0 when (x,y) 6 
E D and Fu'(U,x,y) -> 0, then u(x,y) > 0 when (x,y) E D. 

N o w  l e t  u s  c o m p a r e  t h e  s o l u t i o n s  o f  (1 .3 )  w i t h  d i f -  

f e r e n t  r i g h t - h a n d  s i d e s .  A l o n g  w i t h  (1.3),  w e  h a v e  t h e  

s o l u t i o n  o f  t h e  b o u n d a r y - v a l u e  p r o b l e m  

Av = @ (v, x, g), (x, g ) ~ D ,  vlr  = 0.  ( 1 . 1 0 )  

L e m m a  2. If i n  D 

(9 (v, x, y) >~ F (u, z, y) w h e n  v > / ~ ,  ( 1 . 1 1 )  

t h e n  

u(x ,  y )~>v(x ,  y) w h e n  ( z , y ) ~ D .  ( 1 . 1 2 )  

Proof. We shall assume the opposite. In some region D* c D with 
the boundary F* let 

u (x, y) < v (z, y), ( x , y ) ~ / ) * ,  

u (x, y) = v (x, y), (x, y) ~ r * .  (1.13) 

if into (1.5) we substitute u - v for v and u - v for u0 then from 
(1.3) and (1.10) we obtain 

f l ( ~ _  ~)(~ (., x, , j )_  r (~, ~, y ) )d~ay< 0. (1.14) 
D* 

This contradicts assumption (1.13) and condition (1.11)o The tern- 
ma is proved. 

The physical meaning of the lemma is that when the heat outflow 
is greater, the temperature v in the stationary solution is lower. 

Note 2. We can prove that when 

(P(v, x, y ) ~ F ( u ,  z, y), (z, y ) ~ D  when v ~  u 0.15) 

we have the absolute inequality u(x,y) > v(x,y),  (x,y) E D. 
These inequalities are similar in meaning to the maximum prin- 
ciple [3]. 

2. F i n d i n g  t h e  e r r o r  o f  t h e  a p p r o x i m a t e  s o l u t i o n .  
L e t  t h e  a p p r o x i m a t e  s o l u t i o n  u = u0(x, y) of  p r o b l e m  
(1.3) ,  w h i c h  s a t i s f i e s  t h e  b o u n d a r y  c o n d i t i o n  

Uo(X, y) = 0, (x, y) ~ r (2.1) 

b e  k n o w n .  

W e  e s t i m a t e  t h e  v a l u e  

z ~ u - - u  o .  (2.2) 

W e  i n t r o d u c e  t h e  r e s i d u e  f u n c t i o n  of  t h e  a p p r o x i -  
m a t e  s o l u t i o n  

6 ( z ,  g) = - - h u 0 ( x ,  y ) + F ( u 0 ,  x, y). (2.3) 
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The  e q u a t i o n s  f o r  z t a k e  t h e  f o r m  

h z  = F (z  + u o , z  , y)  - -  A u o  ( x  , y ) ,  

z Ir = O. (2.4) 

T h e  p o s s i b i l i t y  of t h e  r e p r e s e n t a t i o n  

F (z + up, z ,  y ) -  a uo (z,  y) = 

= 8 (z,  y) + ~ (z, z ,  y) z ,  (2.5) 

~ , ( Z , X , y ) ~ O ,  ix, y ) ~ D  (2 .6 )  

f o l l ows  f r o m  (1.7).  

Le t  u s  i n t r o d u c e ,  t o g e t h e r  w i th  5(x ,y) ,  t he  a u x i l i a r y  
f u n c t i o n s  

6~ (x, y) = rain {0, 6 (x, y)}, 6~ (x, g) ~< 0, (2.7) 

6~ (x, y) -~ max {0, 6 (x, y)}, 6~ (x, y) ~ O, (2.8) 

and consider the boundary-value problems 

az~=5~(x,y)+~.(z.z,y)z, a i r  = 0, (2.9) 

az2  = ~ (x, y) + X (z~, z ,  y) z,,  z21r = 0. (2 .10)  

F r o m  L e m m a  2 and  t h e  o b v i o u s  i n e q u a l i t y  51(x,y) -< 
-< 5 (x ,y )  -< 52(x, y),  we h a v e  t h e  bound  f o r  z 

z ~ z ~ - - _ . Z t ,  (x, y) E D .  (2.11) 

It f o l l ows  f r o m  (2.7),  (2.8),  and  L e m m a  1 t h a t  z t >- 
- 0, z 2 -< 0. U s i n g  L e m m a  2 and  t h e  p o s i t i v e n e s s  of 
z 1, w e  c a n  o v e r e s t i m a t e  z 1 b y  d i s c a r d i n g  t h e  p o s i t i v e  
t e r m  in  (2.9).  We  f ind t h a t  

Z 1 (Z, y) ~ W  1 (Z, ~1), ( ~, Y) E D ,  (2.12) 

w h e r e  wi(x,  y) i s  the  s o l u t i o n  of the  b o u n d a r y - v a l u e  
p r o b l e m  

AwI = rain {0, 6 (x, y)}, w, Ir = 0 .  (2.13) 

S i m i l a r l y ,  we  f ind  t h e  s o l u t i o n  of t he  b o u n d a r y - v a l u e  
p r o b l e m  

hw~ = max {0, 6 (x, g)}, w2lr = 0 (2.14) 

and  a r r i v e  a t  the  f o l l o w i n g  t h e o r e m .  
T h e o r e m  1. T h e  e r r o r  z(x,  y) (2.2) of the  a p p r o x i -  

m a t e  s o l u t i o n  u0(x, y) of  b o u n d a r y - v a l u e  p r o b l e m  i l . 3 )  
i s  e s t i m a t e d  b y  t h e  i n e q u a l i t y  

w 2 ( x ,  y)  ,~< z ( x , y )  < w 1 ( x ,  y) ,  ( x , y ) ~ D ,  (2.15) 

w h e r e  wl  and  w 2 a r e  t h e  s o l u t i o n s  of b o u n d a r y - v a l u e  
p r o b l e m s  (2.13) and (2.14),  and  the  f u n c t i o n  5(x, y) i s  
d e f i n e d  in  (2.3).  

Corollary 1. The estimate can be simplified. We introduce the 
number M, 

M >/ IAuo (x, y) - -  F (u o (z, y), x, Y)], 

(x, y) ~ D -I- r ,  (2.16) 

and solve the boundary-value problem in the region D 

Aw = -- t,  w IF = 0. (2.17) 

The error of the solution of (1.3) is estimated by the formula 

I u (x, y) - -  u. (z, _%,) I ~< M w  (x, y). (2.18) 

Note 8. It follows from Theorem 1 that the smaller 15(x, y)l in D, 
the smaller, in general, the error of the approximate solution %(x,y). 
It is natural to think of using the collocation method, i . e . ,  choosing 
n0(x, y)such that the residue 6(x, y) vanishes at given points (xk, yk) in 
D. 

NO~ 4. Theorem 1 can be extended to the thme-dimemional 
(n-dimemional) case. We shah formulate it without proof. 

Theorem 2. We consider the boundary-value problem 

~ u  / Ox' + O'u / ~ + O'u / Oz" - -  F (u, z,  y, z) = O, 

(x, y, z) ~ D (2.19) 

with the boundary condition 

u ix, y, z) = 0, ix, y, z) ~ r ,  (2.20) 

where D is a simply connected three-dimensional region with the 
boundary F. 

The function F is continuous and does not decrease with increasing 
u: 

F u'(u,  x, y, z)>~0, (z, y, z ) ~ D .  (2.21) 

Let the approximate solution u0(x, y, z), which satisfies the boun- 
dary condition, be found. We find 

M = m a x l  h u  o ( z , y , z ) -  

- -  F (u ,  (x ,  y ,  z), x, y; z ) I ( x , y , z ) ~ D q - r .  (2.22) 

To estimate the approximate solution we have the inequality 

I u (z, y, z) -- u0 (z, y, z) I ~< Mw (x, y, z), (2.23) 

where w(x, y, z) is the solution of the boundary-value problem 

Aw + I = 0, w (x, y, z) = 0, (z, y, z) ~ P. (2.24) 

NoI~ 5. If the limim u (t) arid u ~) of variation of u in the solution 
of (1.3) are known and between these u values we have 

0 < x~ ~ F j  (u, x, y) ,.< X~, (~, y) ~ D, (2.25) 

to find the error of the approximate solution we can, instead of the 
Poisson equations (2.13), (2.14), (2.17), and (2.24), solve the Helm- 
holtz equation, which, in the ease of (2.17) for example, takes the 
form A w - k~w = i. 

3. F i n d i n g  t h e  e r r o r  of t h e  s o l u t i o n  in  a u n i t  c i r c l e .  
Le t  t he  r e g i o n  D b e  the  i n t e r i o r  of a u n i t  c i r c l e .  We 
s e e k  the  s o l u t i o n  u(p,  ~v) of  t h e  b o u n d a r y - v a l u e  p r o b l e m  

i O (p ~ = . . : . ( ~ 0 u ' ~  1 a2u (t q)) 0 ,  (3 .1)  
op ] ~- p~ oq~ = F . u ,  p, q~ , u , = p 8p 

w h e r e  t h e  f u n c t i o n  F(u ,  p , r  i s  a s s u m e d  to b e  i n c r e a s -  
ing  in  u f o r  f i xed  p and  9. Le t  t h e  a p p r o x i m a t e  s o l u t i o n  

u = up (p, q)), u 0 (1, r ---- 0 ,  (3.2) 

b e  found s o m e h o w .  
We c a l c u l a t e  t he  m a x i m u m  v a l u e  Of t h e  r e s i d u e  a t  

0 ~ p ~ l ,  0<-  r  

Op/+ 

t O~uo F (u0, p, q~) �9 (3 .3)  
+ p2 Op~ 

The  e r r o r  of t he  a p p r o x i m a t e  s o l u t i o n  i s  e s t i m a t e d  
by  t h e  f o r m u l a  

{u  (p,  ~p) - uo (p,  ~p){ < 

<0.25 ( i - - o 2 )  M < 0 . 2 5 M .  (3.4) 
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T h i s  f o l l ows  f r o m  t h e  s o l u t i o n  of a u x i l i a r y  e q u a t i o n  
(2.17) and  t he  u s e  of C o r o l l a r y  1. 

4. M e t h o d  of s u c c e s s i v e  a p p r o x i m a t i o n s .  S t a t i o n a r y  
p r o b l e m  (1.3) c a n  b e  s o l v e d  by  u s i n g  a m e t h o d  of s u c -  

c e s s i v e  a p p r o x i m a t i o n s  t h a t  c o n s i s t s  in  t he  s u c c e s s i v e  
s o l u t i o n  of a n u m b e r  of  b o u n d a r y - v a l u e  p r o b l e m s  fo r  
a P o i s s o n  e q u a t i o n  of t h e  f o r m  

h U 1 + l  = F ( / ~ ,  x ,  y ) ,  (x, y) ~ D ,  

u~lr = 0  (1 =0 ,  i, 2 , . . ; ) .  (4.1) 

As u 0 we  c a n  t a k e  any  f u n c t i o n ;  fo r  e x a m p l e ,  u 0 - 0. 
It f o l l ows  f r o m  T h e o r e m  1 t h a t  t he  s e q u e n c e  uj(x,  y) 
c o n v e r g e s  u n i f o r m l y  in D on the  s o l u t i o n  if  

/# (p) = ~ /,~np~(~+,O. (5.2) 
n~0  

We s h a l l  a s s u m e  t h a t  t h e  s e r i e s  in  (5.1) and (5.2) 

c o n v e r g e  a b s o l u t e l y  and  u n i f o r m l y  w h e n  Ip I - 1, 0 -< 
~< r -< 2~. We s e e k  the  s o l u t i o n  u(p,~v) in  the  f o r m  of 
a s e r i e s  

oo 

u(O , (p) = ~ w~(p) cos2k% w~(1) = 0. (5.3) 
h----0 

To f ind  wk(p),  we o b t a i n  t he  e q u a t i o n s  

i d / dwk(p)'~ 4 k~ . . 
to--~-~ ) - -  ~w~tpJ--x~s(o) = ls(n). (5.4) p dp 

Iw(z, y) FU (~, x, y ) l <  f, 

(~, y) ~ D, u (1) -.~ u ~ u (~) (4.2) 

w h e r e  u (1) and  u (2) a r e  the  a p r i o r i  k n o w n  l i m i t s  of 
v a r i a t i o n  of u.  In p a r t i c u l a r ,  f o r  t h e  s o l u t i o n  of (3.1) 
t h e  c o n v e r g e n c e  c o n d i t i o n  f o r  t h e  s u c c e s s i v e  a p p r o x i -  

m a t i o n s  t a k e s  t h e  f o r m  

max l (t  - -  02) F J (  u, O, ~o)1<4 
o,r u 

(0 ~< 9 ~< 1, 0 ~ (p ~< 2u, u (1)-..< u < u2). (4.3) 

To i m p r o v e  t h e  c o n v e r g e n c e  of u j ( x , y ) ,  we c a n  e x -  
t r a c t  f r o m  F ( u , p , r  t he  p a r t  t h a t  i s  l i n e a r  i n u ,  f o r  
e x a m p l e ,  u s i n g  t h e  c o n d i t i o n  

rain max I F~'  (t~, p, qo) - -  ~, [, (4 .4 )  

where p, ~, and u are defined in (4.3). The successive 
approximations lead to the solution of a number of 
boundary-value problems for the Helmholtz equation 

Aus+l-- ~us+l = F (uj, x, y) - -  Eui (x, y), 

( ~ , y ) ~ D  u ~ / r = 0 ,  u o = 0  ( / = 0 ,  i , 2  . . . .  ). (4.5) 

Example. ff by this method we solve the boundary-value problem 
a tu  -> 0 

O2u l Ox~ + O~u l Oy~ = -- i + O.i u ~, u = O  

(x ~ + y~ = t) (4.6) 

we obtain, using polar coordinates, 

u 0 =  0, u~(x, y) = 0.25--0.25 (x 2 +  y2), u2(x, y) = 

0.2454 -- 0.2438 (x ~ + y~) --  0.0016 (x ~ + y~)2. (4.7) 

From estimam (3.4) we find that the error of the approximate sol- 
ution ul(x,y) does not exceed 0.0003. 

5. So lu t ion  of t he  i n h o m o g e n e o u s  I I e l m h o l t z  e q u a t i o n .  
B o u n d a r y - v a l u e  p r o b l e m s  f o r  i n h o m o g e n e o u s  l i n e a r  
e q u a t i n n s  m u s t  b e  s o l v e d  in t he  m e t h o d  of s u c c e s s i v e  
a p p r o x i m a t i o n s .  F o r  a c i r c u l a r  r e g i o n ,  f o r  t h e  H e l m -  
h o l t z  e q u a t i o n  i t  i s  o f t en  n e c e s s a r y  to f ind  u(p,~0), 
w h e r e  

oo 

k~0 
oo 

( i ,  ~) = 0, (5.1) 

T h i s  is  an  i n h o m o g e n e o u s  B e s s e l  e q u a t i o n .  D i r e c t  
c a l c u l a t i o n s  c o n v i n c e d  the  a u t h o r s  t h a t  i t  w a s  m o r e  
c o n v e n i e n t  to s e e k  t h e  s o l u t i o n  Wk(p) a t  o n c e  in t h e  
f o r m  of a s p e c i a l  s e r i e s  

ws @ = 0 2~ [~0 i ~ 2 i 

9 ~ - i  9~ §  (5.5) 
+ al 4 (4k + 4) § a~ 6 (4k § 6) 

F o r  t h e  c o e f f i c i e n t s  a n  we o b t a i n  t h e  e q u a t i o n s  
co 

l 
ao-{-~, ~ (2n+2)(4k+2n+2)an =/t.o, (5.6) 

n = 0  

r 1 t 
o , , -  L2,, + <,.,-, = / . , ,  < , ,= , ,  2 . . . .  ) .  

(5.7) 

W h e n  a0 i s  u n d e t e r m i n e d ,  a l ,  a2, �9 . .  a r e  d e t e r -  
m i n e d  s u c c e s s i v e l y  f r o m  (5.7).  ff we s u b s t i t u t e  t h e m  
in to  (5.6),  we o b t a i n  a0. W i t h  m a n y  i t e r a t i o n s ,  i t  is  
f i r s t  of a l l  c o n v e n i e n t  to f ind  p a r t i a l  s o l u t i o n s  t h a t  
c o r r e s p o n d  to a o n e - t e r m  r i g h t  s i d e  of  t he  f o r m  

/k  (P) ----" 02k+ln (n = 0, i ,  2 . . . .  ). 

6. E s t i m a t e s  of n o n s t a t i o n a r y  s o l u t i o n s .  L e t  u( t ,  x, 
y) b e  t h e  s o l u t i o n  of Eq.  (1.1).  

Le t  u s  c o n s i d e r  t he  i n t e g r a l  

n (t) = f l  (t, x, y)dxdy.  (6.1) 
D 

F r o m  (1.10),  d i f f e r e n t i a t i n g  (6.1), we o b t a i n  

dF~(t)dt = 2 S i  u A a d x d y - 2  IS uF(u'  x, y )dxdy.  (6.2) 
D D 

Let  A b e  t h e  m a x i m u m  v a l u e  of w, w h e r e  w i s  t he  

s o l u t i o n  of b o u n d a r y - v a l u e  p r o b l e m  (2.17),  

hw = - -  t ,  w [r = 0, 

A = max~,~w(x,  y), (x, y) ~ D .  (6.3) 

The  v a l u e  A i s  a f u n c t i o n  on ly  of  t h e  r e g i o n  D. F r o m  
Note  1, we f ind t h a t  w ( x , y )  > 0 w h e n  (x ,y)  E D. 

Le t  u s  i n t r o d u c e  t he  e i g e n v a l u e s  and  e i g e n f u n c t i o n s  
of t he  b o u n d a r y - v a l u e  p r o b l e m  ([1], p.  671) 

Au - ~ t u  = 0 ,  U l r  = 0 .  (6.4) 

We s h a l l  l e t  v l ( x , y ) ,  v2(x, y), . .  �9 b e  t he  e i g e n f u n c -  
t i o n s .  
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The c o r r e s p o n d i n g  e i g e n v a l u e s / z  wi l l  be  gl, #2 . . . . .  
In the  n u m b e r i n g ,  i t  is  a s s u m e d  that  

0 < ~l < ~ -.< . . . .  (6.5) 

Using  the  e x t r e m a l  n a t u r e  of the  e i g e n v a l u e s  and 
e igenfunc t ions ,  we find that  the  m i n i m u m  of the  i n -  
t e g r a l  

-ss uAudxdy = grad~udxdy (6.6) 
D 

for  the  func t ions  u, which  a r e  con t inuous  in  D a long 
with the second  d e r i v a t i v e s  and which sa t i s fy  the  con -  
d i t ion  

~ u~dxdy = t,  a i r  = 0 (6.7) 

is  r e a c h e d  at u = v 1 and has  the  va lue  ~t t. We have  

i~ li  u~ dx dy ..,< - -  l i  uAu dx dy . (6.8) 
D D 

F r o m  T h e o r e m  1, when  6(x, y) = - 1  in  (2.14), for  
the  equa t ion  

Av i § i ~ 0 (6.9) 

and cond i t ion  (6.3) we obta in  the  e s t i m a t e  

vi (x, y) ~< max vl (x, y) ~ttA1 . (6.10) 

Hence,  we have  the lower  bound for  the  f i r s t  e i g e n -  
va lue  #t 

A-1 <~ I~1 �9 (6.11) 

Let  cond i t ion  {2.25) be  s a t i s f i ed .  When u -> 0, we 
ob ta in  the  fol lowing i nequa l i t y  for  any ~:  

uF (u, x, y) > ~u ~ + F (0, z, y) u > 

()~ l/~ a~) u 2 _ _  1/~ a-2F2 (0, x,  y ) .  (6.12) 

F r o m  i n e q u a l i t i e s  (6.8), (6.11), and (6.12), we 
a r r i v e  in  (6.2) at the  d i f f e r en t i a l  i nequa l i t y  

d~ (,!) a ~) ~ (t)  § dt ~ < - - (  2 + 2 x -  

+ at-~ Si F~ (0, x , y )dxdy .  (6.13) 
D 

If we i n t e g r a t e  (6.13), we ob ta in  the  i n t e g r a l  e s t i -  
m a t e  of the so lu t ion  

S~u'(t,x, y)dxdy~e-'tSSu~(O,, x, y ) d x d y §  

t - -  e-Xt S~ + ~ F~ (0, x, y) dx dy, 
l.t 

u ~ 2 A  -~ -}- 2 ~ , "  r ~ > 0 .  (6.14) 

M a n y  d i f f e r en t  i n e q u a l i t i e s  for  the so lu t ion  of Eq. 
(1.1) can  be  d e r i v e d  f r o m  f o r m u l a  (6.14). Let, fo r  
example ,  u0(x, y) be  the  s t a t i o n a r y  so lu t ion  of p r o b l e m  
(1.1) and (1.2). We sha l l  l e t  

z (t, x, y) = u (t, x, y) - -  u o (x, y). (6.15) 

F o r  z, we have  the equa t ions  

Oz / Ot = A z  - -  [F ( z  + uo, x ,  y)  huo], 
z I t  = 0, z It=o = (P (x, y) - -  u o (x, y). (6.16) 

F r o m  (6.14) we ob t a in  the i nequa l i t y  

I [ u (t,  x,  y)  - -  uo (x,  y)  l ~ dx dy 
D 

D 

u = 2A -1 + 2g,  (6.17) 

w h e r e  A is  def ined  in (6.3) and X in  (2.25). E s t i m a t e s  
can  be  ob ta ined  for  the d i f f e r e n c e  be tween  so lu t i ons  of 
p r o b l e m  (1.1) and (1.2) with d i f f e r en t  in i t i a l  condi t ions .  
F r o m  Sect ion  3, we f ind that  for  a un i t  c i r c l e  A -1 = 4. 

7. The  G a l e r k i n  m e t h o d  in  the  n o n s t a t i o n a r y  p r o b -  
l e m .  We take  the se t  of o r thogona l  n o r m a l i z e d  func -  

t i ons  r (x, y) 

DI~Pj(X, y)~k(X, y)dxdy = 0 (i#=k), 

D 

(7.1) 

We sha l l  seek  the  a p p r o x i m a t e  so lu t ion  of p r o b l e m  
(1.1)-(1 .3)  in  the  f o r m  of a f i n i t e  s u m  

u* (t, z, y ) =  

= al (t)*i (x, y) + . . .  + an (t)9~ (x, y), 

u* Iv = O. (7.2) 

By s u b s t i t u t i n g  u*(t,  x, y) into (1.1), we ob ta in  the 
r e s i d u e  

5(t, x, Y ) - ~ a u * / O t - - A u *  §  u, y). (7.3) 

We s e l e c t  the coe f f i c i en t s  aj(t)  f rom the  cond i t ion  
that  5(t, x, y) be  o r thogona l  to the  func t ions  Sj(x,y) 
(j = 1 . . . . .  n) in  D. We ob ta in  the  s y s t e m  of o r d i n a r y  

d i f f e r en t i a l  equa t ions  

da i 
dt - -  ~-~ [~jtal - -  f i (al . . . . .  an) 

tt=l 

(] = t . . . . .  n) , (7.4) 

~ j = f ~ r  / j=f~F(u* ,x ,  Y)~idxdy " (7"5) 

The in i t i a l  cond i t ions  for  aj a r e  found, u s i n g  (1.2), 
f r o m  the  equa t ions  

aj(o) = l l , j ( ~ ,  y)~(~ ,  y )dxdy .  (7.6) 
D 

If we solve  (7.4), u s i n g  ana log  c o m p u t e r s ,  for  
example ,  we find the  a p p r o x i m a t e  so lu t ion  u*(t,  x, y).  
F o r m u l a  (6.14) can  be  u sed  to e s t i m a t e  the  e r r o r .  We 
sha l l  show that  s y s t e m  of d i f f e r en t i a l  equa t ions  (7.4) 
is  a s y m p t o t i c a l l y  s t ab le .  F i r s t ,  we sha l l  d e m o n s t r a t e  



JOURNAL OF APPLIED MECHANICS AND TECHNICAL PHYSICS 35 

the boundedness  of the solut ions.  If we mult iply  the 
j - th  equation of (7.4) by aj and sum, we find 

ai-2-i-~.~.u*Au*dxdy~ F(u*, x, y) u*dxdy. (7.7) 
~ 7.6 D 

F r o m  inequal i t ies  (6.6), (6.12), and (7.7) we obtain 

d__dt ~ ai* < - -  (2A-X -[- 2~'-- a~) II (u')~ dx dy + 
i=1  D 

D 

where a is any number .  We 
condit ion 

• = 2A-* + 2 ; L - - a  ~ > 0 .  

(~ .8) 

shall  se lect  it f rom the 

(7.9) 

Since we have 

II(u*)Zdxdy=Ii ~ a#ilpop~dxdy= ~ a i ' ,  (7.10, 
D D i , ] = t  ~=1  

from (7.8) we find the es t imate  for the approximate  
solution 

n 

~ ai'.~e-*tSS[a*(O,x,y)]~dxdy-[- 

+ xa~ Jd 
D 

(7.11) 

Note that the inequali ty 

(7.12) 

follows from (6.8) and (6.11). 
Along with the solut ion ai(t) of sys tem (7.4), le t  us 

cons ider  another  solution bi(t) whose ini t ial  values  
differ f rom (7.6). We have 

= ~i~b~ - - / i  (b, . . . . .  b~) (i = i . . . . .  n). (7.13) 
i = l  

From (7.4) and (7.13) we obtain 

n 
d 
d-Y ~ (a~--b~) ~=2 ~ ~i~(ai--b~)• 

• (a~ - -  b0 - -  Q (a~ . . . . .  a~, b~ . . . . .  b,). (7.14) 

Here, 

Q (al . . . . .  a~, bl . . . . .  b~) = 

~ 2  ~ ( a j -  bj)[/j (a~ . . . . .  a~) - - / i  (b~ . . . . .  bn)l = 

x, y ) _  o, x, (7.15) 
D 

a~ y) + . . .  +b~(t)~p,~(x, y). (7.16) 

In view of assumpt ion  (1.7), a nonnegative func-  
t ion is  under  the in tegra l  in (7.15). F r o m  (7.12) 

and (7.14), therefore,  we have the different ia l  in -  
equality 

d n n 

d-T ~ ( a j - - b j ) ~ -  2A -1 ~ (aj--b5)2. (7.17) 

Integrat ing (7.17), we find the es t imate  

n 

[a~(t)--bj(t)l ~ < 
i=1 

~ e x p ( - - 2 A - l t }  ~ [aj(O)--bj(O)]2, A>O. (7.18) 
i=1 

The existence of a unique s ta t ionary  solut ion of sy s -  
tem (7.4) follows from (7.11) and (7.18). This solution 
is un i formly  asymptot ica l ly  stable.  

8. Application of the collocation method to the non-  
s ta t ionary  problem.  Let us  cons ider  some quadra ture  
formula  with nodes at the points Mi(x i ,yi)  for ca lcula-  
t ion in D of the definite in tegral  

l i 6 (x ,  y) dxdy~  ~ A~6(x~,yi), M ~ D .  (8.1) 
D i ~ l  

Equations (7.4) are  approximately r e p r e s e n t e d  as 

D 

n 

~ Ai6 (t, x~, y~) ~p~ (xi, Yi) = 0 (i = t . . . . . . .  ). (8.2) 
4=1 

Equations (8.2) can, in turn,  be sat isf ied if 

[da i 

- -  a~•162 (x~y~)] + F ( ~ * ,  x~, Yi) = 0 ,  (8.3) 
J 

u~* • ax(t)~pl(x~, Yi) -4- . �9 �9 -4-a~(t)~p~(x~, Yi). (8.4) 

The main  advantage of Eqs. (8.3) is the s impl ic i ty  
of the i r  formulat ion.  This advantage of the collocation 
method over  the Galerkin  method or  Ritz method (for 
the s ta t ionary  problem) becomes  obvious with non-  
l i nea r  equations.  In this case,  exact ca lcula t ion of the 
in tegra l s  in (7.5) is often impossible .  The use  of quad- 
r a tu re  formulas  r e su l t s  in Eqs. (8.2), which a re  equiv- 
alent  to the equations of the collocation method. If a 
formula  of inc reased  accuracy  is used  when the collo-  
cat ion points are  the nodes of the quadra ture  formula,  
the r e su l t s  of the Galerkin  and collocation methods 
become v i r tua l ly  equivalent.  

Let quadra ture  formula  (8.1) give an accura te  an-  
swer in calculat ion of in tegra ls  of the form 

I~ ~p~ (x, y) ~p~ (x, y) dx dy = 6j~ (8.5) 

where 5jk is the Kronecker  symbol.  If we take the 
eigenfunctions vj (x, y) of boundary-va lue  problem (6.4) 
with different  eigenvalues #j (6.5) for  the normal ized  
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o r t hogona l  func t ions  ~j (x, y) ,  so lu t ion  of  E q s .  (8.3) wi th  
r e s p e c t  to the  d e r i v a t i v e s  r e s u l t s  in the  equa t ions  

daj 
�9 at -f- ~jai  -~- 

i~1 ~=1 

Anothe r  c o u r s e  in t he  c o l l o e a t i o n  m e t h o d  c o n s i s t s  
in s e l e c t i o n  of  func t ions  ~Oj(x, y) tha t  s a t i s f y  the  c o n -  
d i t ions  

% (x~, yO = ~j ,  ~ = t ,  

6~ = o ( i 4 : i ) ,  % Ir = 0 .  ( 8 . 7 )  

Equa t ions  (8.3) t ake  the  f o r m  

= ~ asA~pi (xi, Y t ) -  F (at, x~, Y0 
da~ 
dt 

j=t 

(~=~  . . . . .  ~). ( 8 . 8 )  

Note that  the  l i n e a r  p a r t  wi l l  be s i m p l e  in  s y s t e m  (8.6), 
whi le  in s y s t e m  (8.8) the  n o n l i n e a r  func t ions ,  which  
a r e  func t ions  only of one  of t h e  v a r i a b l e s  a j ,  wi l l  be  
s i m p l e .  S y s t e m  (8.8) has  a u n i q u e  u n i f o r m l y  a s y m p -  
t o t i c a l l y  s t a b l e  so lu t ion  by v i r t u e  of i t s  s i m i l a r i t y  to 
s y s t e m  (7.4). 

~araple. We solve the boundary-value problem 

Ou / Ot = O% / Ox ~ + 1, u l t = o = 0 ,  

u I x=o=Ulx=t = O. (8.9) 

Using only one collocation point x = 0.5, we shall seek the solu- 
tion as the function 

(t,  x) = a (t) z ( t  - -  z ) ,  a (0)  = 0 ( 8 . 1 0 )  

which satisfies the initial and boundary conditions, 
If we substitute u(t,x) into (8.9) at x = 0.5, we have 

0.25 da (t) / dt = -- 2a (t) q- 1, a (0) = 0. (8.11) 

We find the approximate solution 

u 0( t ,  x) = 0 . 5  ( x - -  z 2 ) ( t  - - e - S t ) .  (8 .12)  

The  e x a c t  solut ion has the form 

The maximum deviation of the approximate solution from the 
exact is 0.008 at t ~ 0.12 and x = 0.5. The stationary solution is 
found exactly. 

9. Solut ion of the s t a t i o n a r y  b o u n d a r y - v a l u e  p r o b -  
l e m ~  In s e e k i n g  the s t a t i o n a r y  so lu t ion  of p r o b l e m  
(1.1) and (1.2) by the  Ri tz ,  Ga le rk in ,  o r  c o l l o c a t i o n  
method,  we  ob ta in  a s y s t e m  of n o n l i n e a r  equa t ions .  
F o r  example ,  wi th  the c o o r d i n a t e  func t ions  Cj(x,y),  
wh ich  s a t i s fy  condi t ions  (8.7), the  c o l l o c a t i o n  m e t h o d  
g i v e s  the  equa t ions  

a;A~pj (xi, Yl) - -  F (a~, xi, Yi) = 0 
j=t 

(i = t . . . . .  n). (9.1) 

They can  be  s o l v e d  by the m e t h o d  of s u c c e s s i v e  
a p p r o x i m a t i o n s ,  which  fo l lows  f r o m  s y s t e m  (8.8), 

ai, m+t ---- aim -}-h [ ~d ajmAaPJ (x~, yi) - -  
]=t 

- F (aim, x~, YO] 

(f = t ,  . . ., n, m = 0 ,  t ,  2 . . . .  , h > 0 ) .  ( 9 . 2 )  

We take  a r b i t r a r y  v a l u e s  fo r  ai0. F o r  su f f i c i en t ly  
s m a l l  h > 0, by v i r t u e  of the a s y m p t o t i c  s t ab i l i t y  of 

t he  so lu t ions  of s y s t e m  (8.8), the  so lu t ion  a i of s y s -  
t e m  (9.1) i s  found f r o m  (9.2) 

a i = lira aim f o r  m --~ oc. (9.3) 

Note that  f o r  the n o n s t a t i o n a r y  p r o b l e m  (1.1) and 
(1.2) ,  the  c o l l o c a t i o n  m e t h o d  is  m u c h  l e s s  t i m e - c o n -  
s u m i n g  than the  ne t  me thod .  
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